Identification of Majorana Modes in Interacting Systems by Local
  Integrals of Motion by Wieckowski, Andrzej et al.
Identification of Majorana Modes in Interacting Systems by Local Integrals of Motion.
Andrzej Więckowski,1 Maciej M. Maśka,1 and Marcin Mierzejewski2
1Institute of Physics, University of Silesia, 40-007 Katowice, Poland
2Department of Theoretical Physics, Wrocław University of Science and Technology, 50-370 Wrocław, Poland
Recently, there has been substantial progress in methods of identifying local integrals of motion in
interacting integrable models or in systems with many-body localization. We show that one of these
approaches can be utilized for constructing local, conserved, Majorana fermions in systems with an
arbitrary many-body interaction. As a test case, we first investigate a non-interacting Kitaev model
and demonstrate that this approach perfectly reproduces the standard results. Then, we discuss how
the many-body interactions influence the spatial structure and the lifetime of the Majorana modes.
Finally, we determine the regime for which the information stored in the Majorana correlators is
also retained for arbitrarily long times at high temperatures. We show that it is included in the
regime with topologically protected soft Majorana modes, but in some cases is significantly smaller.
Introduction.—Recently, a lot of hope has been pinned
on Majorana zero modes as building blocks of a quantum
computer [1–5]. One of the systems where these modes
were proposed and observed is a semiconductor nanowire
with a spin-orbit interaction coupled to an s-wave super-
conductor [6–12]. It is known that, in low-dimensional
systems, Coulomb interactions are crucial and can dras-
tically affect their properties [13–17]. Interactions are also
important for practical reasons: disorder is present in any
semiconductor nanowire and the Majorana states are not
completely immune against it [18–20]. Moderate inter-
actions may stabilize the Majorana states against such
perturbations [21–24].
Generally, a Majorana fermion is any fermionic opera-
tor Γ that satisfies Γ2 = 1. However, in order to perform
topological quantum computing one needs stable, non-
Abelian anions [25]. They can be realized as localized
Majorana zero modes (MZMs), whereby their stability
follows from the commutation relation[
Hˆ, Γ
]
= 0, (1)
where Hˆ is the Hamiltonian. This equation together with
the conservation of the fermion parity lead to a non-
Abelian braiding for adiabatic exchanging of Majorana
quasiparticles [26]. Equation (1) can be fulfilled rigor-
ously only in the thermodynamic limit, except for a fine-
tuned symmetric point [27] where it also holds true for
finite L. In general,
[
Hˆ, Γ
]
∝ e−L/ξ, where L is the sys-
tem size and ξ is correlation length [28]. The nonzero
value of the commutator means that, even in the absence
of any external decoherence processes, the MZM will have
a finite lifetime.
The question is how to find the topological order and
Majorana modes in interacting systems. Several methods
have been used to study MZMs in interacting nanowires
[29–33], see Ref. [22] for a review. A commonly tested nec-
essary condition [which follows from Eq. (1)] concerns de-
generacy of the ground states obtained for systems with
odd and even numbers of fermions. A sufficient condition
for the presence of topological order is more involved. It
can be formulated based on the local unitary equivalence
(LUE) between the ground states of the interacting sys-
tem and of the noninteracting Kitaev chain in the topo-
logical phase [34]. In order to prove LUE, it is sufficient
to show that one of the ground states can be continu-
ously deformed to the other, whereby the spectral gap
above the ground state must stay open along the entire
path of deformation [35, 36]. But this is not equivalent
to Eq. (1) and guarantees only the so-called soft mode,
which is fully protected by topology only at temperatures
well below the spectral gap. In other words, a soft MZM
commutes with the Hamiltonian which is projected into
a low-energy subspace [37]. At higher temperatures, the
information encoded in this mode can be lost after some
time.
In this Letter, we propose a method that allows
one to find Majorana operator Γ that almost satisfies
Eq. (1) within the entire Hilbert space. Our method
finds the so-called strong MZM that is stable at ar-
bitrary high temperatures [38–40]. Perturbative con-
struction of almost strong MZMs has recently been re-
ported in Ref. [40] for the Ising–like model with nearest-
and (integrability-breaking) next-nearest-neighbor inter-
actions. In contradistinction, our approach is general and
can be applied for arbitrary Hamiltonians, in principle,
also, for spinful fermions. To this end, we derive the opti-
mal form of a local operator Γ that guarantees the longest
lifetime of the MZM. We determine the regime of exis-
tence of a strong MZM and show that it is smaller than
the regime with soft modes, the latter being established
from LUE.
The general method.—We consider the Hamiltonian
Hˆ =
∑
mEm|m〉〈m| and assume that the relevant de-
grees of freedom can be expressed in terms of the stan-
dard fermionic operators aj and a
†
j or, equivalently, in
terms of the Majorana fermions γ2j = aj + a
†
j , γ2j+1 =
i(a†j − aj). Here, j includes all quantum numbers, e.g.,
the spin projection. We search for particular combina-
tions of the Majorana operators Γ =
∑
i αiγi with real
coefficients αi such that Γ is conserved [41]. We assume
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2normalization
∑
i α
2
i = 1 when Γ
2 = 1. The conserva-
tion of Γ can conveniently be studied by averaging this
quantity over an infinite time window
Γ¯ = lim
τ ′→∞
1
τ ′
∫ τ ′
0
dteiHtΓe−iHt, (2)
= lim
τ→∞
∑
m,n
θ
(
1
τ
− |Em − En|
)
〈n|Γ|m〉 |n〉〈m|. (3)
If this mode is strictly conserved then Γ¯ = Γ. This, how-
ever, would require Eq. (1) to be satisfied, what may not
be the case in finite systems. Therefore, we will usually
search for an optimal choice of αi when Γ¯ is as close to Γ
as possible. In order to quantify the proximity of two op-
erators we use the usual (Hilbert-Schmidt) inner product
〈AˆBˆ〉 = Tr(AˆBˆ)/Tr(1ˆ). The optimal choice of coefficients
αi corresponds to a minimum of 〈(Γ−Γ¯)2〉 = 1−〈Γ¯2〉. The
latter equality originates from the identity 〈ΓΓ¯〉 = 〈Γ¯Γ¯〉
(i.e., the time averaging is an orthogonal projection), as
shown in the Supplemental Material [42]. Consequently,
the least decaying mode can be found from the optimiza-
tion problem
λ = max
{αi}
〈Γ¯2〉 = max
{αi}
〈Γ¯Γ〉. (4)
The physical meaning of λ comes from the obser-
vation that the scalar product 〈...〉 formally represents
thermal averaging carried out for infinite temperatures.
Then, following Eq. (4), λ is the asymptotic value of the
longest living autocorrelation function 〈Γ(t)Γ〉. If λ = 1,
then Γ is a strict integral of motion. i.e. a strong MZM
[37, 38, 43, 44]. For 0 < λ < 1 the information stored in
the correlator 〈Γ(t)Γ〉 is partially retained for arbitrar-
ily long times (despite Γ not being strictly conserved),
while this information is completely lost when λ = 0.
The optimization problem can be further simplified
λ = max
{αi}
∑
ij
αi〈γ¯iγ¯j〉αj . (5)
It becomes a standard eigenproblem for the (positive
semidefinite) matrix 〈γ¯iγ¯j〉. Namely, λ is the largest
eigenvalue of 〈γ¯iγ¯j〉, and αj are components of the corre-
sponding eigenvector. Essentially, all nonvanishing eigen-
values (whether degenerate or not) correspond to inde-
pendent MZMs, whereby their independence follows from
orthogonality of different eigenvectors and the identity
〈γiγj〉 = δij .
The general idea behind this method is similar to an-
other approach which has previously been used for iden-
tification of new integrals of motion in the Heisenberg
model [45]. The latter approach targets operators which
are conserved and local. Here, we single out Majorana
operators which are conserved and, at the same time, are
local. The conservation follows from the time averaging,
i.e., from the identity [Hˆ, Γ¯] = 0, whereas locality origi-
nates from the fact that Γ is a linear combination of γi,
each of them being supported on a single site only. Since
we maximize the projection 〈Γ¯Γ〉, the resulting operators
retain the properties of both Γ and Γ¯; i.e., they are lo-
cal, conserved MZMs. More formal discussion concerning
MZMs (including their locality [46]) can be found in the
Supplemental Material [42].
When studying systems with fixed boundary condi-
tions, it is utterly important, that the limit for the size
of the system L→∞ precedes the limit for time τ →∞,
[47, 48]. Since numerical calculations can be carried out
for finite systems only, τ in Eq. (3) should be kept large
but finite until the finite–size scaling is accomplished. All
the discussed properties of the correlation functions also
hold true for finite τ [49, 50], even though it is not the
case for finite τ ′ in Eq. (2).
Example.—As an example, we study a one–
dimensional system of interacting, spinless fermions
with hard-wall boundary conditions. The system is
described by the Kitaev Hamiltonian [27] extended by
the many body interactions
Hˆ = −t0
L−1∑
i=1
(
a†i+1ai + H.c.
)
+ ∆
L−1∑
i=1
(
a†i+1a
†
i + H.c.
)
−µ
L∑
i=1
n˜i + V
L−1∑
i=1
n˜in˜i+1 +W
L−1∑
i=1
n˜in˜i+2. (6)
Here, t0 refers to hopping amplitude, µ is a chemical po-
tential, ∆ is the superconducting gap and n˜i = a
†
iai− 12 .
V and W are potentials of the first and second nearest-
neighbor interactions. For simplicity, we use dimension-
less units by putting ~ = 1 and t0=1.
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Figure 1. Results for systems without (a,c) and with (b,d)
many-body interactions and µ = 0. (a), (b) and (d) The
Majorana autocorrelation function λ [see Eq. (4)] for: (a)
V = 0,∆ = 0.5; (b) V = 0.2,∆ = 0.5; (d) L = 12,∆ = 0.3.
(c) Lifetime of MZMs for a finite noninteracting system of
L = 10 sites.
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Figure 2. Spatial structure of MZMs, Γ+ =
∑
i
α+i γ2i and
Γ− =
∑
i
α−i γ2i+1. a) and b) Rescaled local density of states
at energy E = 0 for noninteracting system [V = 0 , Eq. (7)]
(solid line) compared with solution of Eq. (5) (points). c) and
d) Results for V 6= 0 from Eq. (5).
Test for noninteracting systems.—Numerical imple-
mentation of our approach consists of three consecu-
tive steps: (i) exact diagonalization of the Hamiltonian
(6); (ii) numerical construction of time–averaged Ma-
jorana operators γ¯i as defined by Eq. (3) but for fi-
nite τ ; (iii) construction and diagonalization of the ma-
trix Kij = 〈γ¯iγ¯j〉. Because of the orthogonality rela-
tion 〈γ¯2iγ¯2j+1〉 = 0, one may separately study two cases
Γ+ =
∑
i α
+
i γ2i and Γ
− =
∑
i α
−
i γ2i+1, whereby, now,
the index i enumerates the lattice sites. In the rest of this
work, we discuss the two most stable modes (one in each
sector Γ+ and Γ−). All other eigenvalues of the matrix
K are much smaller and vanish in the thermodynamic
limit (not shown). It remains in agreement with a com-
mon knowledge that the homogeneous chain described by
the Hamiltonian (6) may host at most two MZMs expo-
nentially localized at the boundaries [27, 28, 36] .
The complexity of our approach is independent of
whether or not the many-body interactions are present:
hence, the method can be tested by investigating a non-
interacting system with V = W = 0. Figiure 1a) shows
τ dependence of λ [see Eq. (4)] for the most stable MZM
Γ+. Results for Γ− are exactly the same. One may intro-
duce the lifetime of the MZMs, τM , corresponding to the
vertical sections of curves shown in the latter plot. Figure
1c) shows that, for finite system, τM is finite as well, de-
spite the absence of the many-body scattering. The only
exception concerns |∆| = 1 when τM → ∞ for arbitrary
L. Otherwise, τM increases exponentially with L, as fol-
lows from the equal spacing of the vertical sections in Fig.
1a). The latter result clearly illustrates the importance
of the correct order of limits: limτ→∞ limL→∞ λ = 1; i.e.,
the MZMs are strictly conserved in the thermodynamic
limit, while limL→∞ limτ→∞ λ = 0. All the obtained re-
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Figure 3. Results for ∆ = 1. a) Degeneracy of the ground
states. b) The spectral gap. c) and d) show the Majorana
autocorrelation function λ for various times τ and L = 12.
Note different color schemes in a) and b).
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Figure 4. The same as in Fig. 3, but as a function of V and
∆ for µ = 0.
sults remain in agreement with the well established prop-
erties of the MZMs in a noninteracting case, see, e.g., [28].
We have also calculated the local density of states at
zero energy for the noninteracting Hamiltonian
ρi(E = 0) = − 1
pi
ImGii(E = 0), G(E) = (E−Hˆ+iη)−1,
(7)
where Hˆ is given by Eq. (6) but with V = W = 0. In
Figs. 2a) and 2b), rescaled ρi(E = 0) is compared with
the spatial density of the Majorana fermions contributing
to both Majorana modes, |α+i |2 + |α−i |2. Perfect agree-
ment between both methods illustrates accuracy of the
approach derived in this work.
Systems with many-body interactions.—All results in
the main text will be shown for W = V/2, whereas the
commonly studied case W = 0 (which contains some pe-
culiar features) is discussed in the Supplemental Material
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Figure 5. The autocorrelation function λ as a function of V
and ∆ for τ = 100 and various system sizes L. Contour in d)
marks λ = 0.8.
[42]. Results in Figs. 1b) and 1d) show the most stable
Majorana autocorrelation function [Eq. (4)] in the pres-
ence of weak to moderate interactions. Similar to the non-
interacting case [Fig. 1a)], the position of the steep sec-
tions of λ(τ) increases exponentially with the system size
indicating that limτ→∞ limL→∞ λ ' 1 but, in contrast to
noninteracting systems, λ < 1. In the Supplemental Ma-
terial [42], we show that the latter inequality seems to
be generic for systems with many-body interactions. It
implies that the strictly local operator Γ is not a strict
integral of motion. Our approach singles out Γ which con-
tains the largest possible conserved part represented by
limτ→∞ Γ¯.
For finite systems, the many-body interactions may ex-
tend the time scale in which the correlator 〈Γ(t)Γ〉 is
large. Interestingly, this extension can exceed 1 order of
magnitude, as shown in Fig. 1d). Figures 2c) and 2d)
explain the origin of this extension. They show how the
many-body interactions modify the spatial structure of
the MZMs. There are two modes which vanish exponen-
tially outside of the edges of the system. Note that this
property is not built into our algorithm but appears as a
result which doesn’t need to hold true for other geometry
of the system. Despite the exponential decay, these two
modes still do overlap and this overlap is responsible for
a finite-lifetime of the MZMs in a noninteracting system
with L < ∞. Then, the many-body interactions push
these modes further towards the edges of the system [see
Figs. 2c) and 2d)], reducing the overlap between them
and, in this way, increasing their lifetime. This mecha-
nism holds true as long as the interactions are not too
strong, when the MZMs eventually disappear.
Next, we compare our results for strong MZMs with
the presence of the topological order. We check the de-
generacy of the ground state (necessary condition) as
well as LUE to the topological regime in the noninter-
acting Kitaev model (sufficient condition). To this end,
we study chains of L = 8, 10, ..., 20 and find the two low-
est energies in the subspaces with odd and even parti-
cle numbers, denoted, respectively, as E0,o(L), E1,o(L)
and E0,e(L), E1,e(L). We introduce the measure of the
ground–state degeneracy δE(L) = E0,o(L)−E0,e(L) and
two spectral gaps, ∆Eo(e)(L) = E1,o(e)(L) − E0,o(e)(L).
Typically, the gaps between the low–energy levels de-
cay algebraically with L; hence, we carry out linearly in
1/L extrapolations of ∆Eo(e)(L). However, δE(L) should
decay exponentially in the topological regime; thus, we
use the fitting function δE(L) = A exp(−BL) + δE(∞).
These extrapolations break down when V and µ are
large [42], what shows up as large errors for the extrap-
olated quantities, σδE and σ∆E . We identify the degen-
erate ground states as a regime where both |δE(∞)| and
σδE are small, defining δE ≡ |δE(∞)| + σδE  1 as
the lower bound on the degenerate region. The LUE im-
plies that the gap min{∆Eo(∞),∆Ee(∞)} doesn’t van-
ish along a path that reaches the topological regime
for V = 0, while σ∆E remains small. Then, we de-
fine the lower bound on the corresponding region by
∆E ≡ min{∆Eo(∞),∆Ee(∞)} − σ∆E > 0. Results for
δE and ∆E are shown in Figs. 3a), 4a) and 3b), 4b),
respectively. The actual topological region may be larger
than it follows from lower bounds shown in Figs. 3b) and
4b).
Results in Figs. 3c) and 3d) show that the strong
MZMs, indeed, exist for very long times (τ > 200) not
only in the ground state but, essentially, in the entire en-
ergy spectrum. We also confirm that a moderate many-
body interaction extends the range of µ where soft and
strong MZMs are present [22].
In Fig. 4, we show similar results but for µ = 0 and
various magnitudes of the superconducting gap ∆. In this
case an exact solution is known but only for ∆ = 1 and
W = 0 [36, 51]. For large τ and ∆  1, the strong
MZMs seem to be absent even for very weak many-body
interaction. However, it is a finite-size effect that, again,
shows how important is the correct order of limits for
time and the system size. Therefore, in Fig. 5 we set
τ = 100 and show the Majorana autocorrelation func-
tion for various values of L together with results extrapo-
lated to L→∞. The details of extrapolation and results
for limτ→∞ limL→∞ λ(τ) are shown in the Supplemen-
tal material [42]. The regime with λ > 0 covers roughly
the entire topological regime determined via LUE to the
single-particle Kitaev model [compare Figs. 4b) and 5d)].
However, λ gradually decreases with increasing interac-
tions, and a strong MZM with large λ exists within a
much smaller regime, as shown e.g., by the contour in
Fig. 5d).
Conclusions.—We have proposed an approach for find-
ing local (strong or almost strong) MZMs which can be
implemented for an arbitrary many-body interaction. We
have found that even at elevated temperatures, the life-
5time of these modes is long enough so that they may
be used effectively to store the information. The regime
where the strong MZMs exist (as quantified by large λ in
our approach) is included, but is smaller than the regime
which is unitarily equivalent to the topological regime
in the single-particle Kitaev model. It means that not
all topological states are equally protected to be useful
in, e.q., quantum computing. At finite temperatures, the
systems with weak many-body interactions are prefer-
able; however, these interactions may still be significant,
when compared to other energy scales in the system. Our
results also suggest that in systems with many-body in-
teractions the strictly local Majorana operators are not
strict integrals of motion, however, their autocorrelation
function remains large for arbitrarily long times.
This work is supported by the National Science Cen-
tre, Poland via Projects No. 2016/23/B/ST3/00647
(A.W. and M.M.) and No. DEC–2013/11/B/ST3/00824
(M.M.M.).
1Supplemental Material
In the Supplemental Material we show that the Majorana
fermions singled out by our approach are indeed the edge
strong zero modes. Further on, we discuss results for a
system where the many–body interactions are restricted
to the neighboring lattice sites only. Finally, we present
the details of the finite–size scaling.
MAJORANA EDGE ZERO MODE
In this section, we closely follow the formal concept of
strong edge zero mode described in Ref. [38, 40] and also
in [39]. Such mode is an operator that maps an eigenstate
in one symmetry sector to a state in another sector with
the same energy up to finite-size corrections. Here, the
term ”strong” means, that this mapping holds true for
all eigenstates of Hamiltonian. As clearly explained in
Ref. [40], it is a stronger condition than necessary for a
topological order. Interestingly, the strong character of
the Majorana zero modes has been recognized already in
the pioneer paper by Kitaev [27]. Below we demonstrate
that for λ = 1 [see Eq. (4) in the main text] the Majorana
operator, Γ =
∑
i αiγi, is indeed a strong zero mode.
Using the commutation relations {γi, γj} = 2δij one
finds
Γ2 =
1
2
∑
ij
αiαj{γi, γj} =
∑
i
α2i = 1. (S1)
We formally rewrite Γ as well as Γ¯ [see Eq. (2) in the
main text] in the basis of the eigenstates of Hamiltonian
Γ =
∑
m,n
〈n|Γ|m〉 |n〉〈m|, (S2)
Γ¯ =
∑
m,n:Em=En
〈n|Γ|m〉 |n〉〈m|. (S3)
Γ¯ is strictly conserved, since it commutes with Hamilto-
nian,
[Γ¯, Hˆ] =
∑
m,n:Em=En
(Em−En)〈n|Γ|m〉 |n〉〈m| = 0. (S4)
In the main text we have shown that the condition λ = 1
it equivalent to Γ = Γ¯, hence for λ = 1 one obtains also
Γ¯2 = 1. Then, we see that
1 = 〈n|Γ¯2|n〉 =
∑
m:Em=En
|〈n|Γ|m〉|2, (S5)
holds true for arbitrary eigenstate |n〉. It is evident that
the matrix elements 〈n|Γ|m〉 are nonzero only for states
with opposite parity of the particle number. Assuming
that the energy spectrum is at most doubly degenerate,
we see that for each state |m〉 in one symmetry sector
(e.g. with even number of electrons) there exists a state
|n〉 in the other sector (e.g. with odd number of electrons)
such that Em = En. Using Eqs. (S2) and (S5) we obtain
Γ|m〉 = exp(iφn)|n〉, (S6)
hence Γ is indeed a strong zero mode.
Equation (S3) might suggest that numerical diagonal-
ization of the Hamiltonian is sufficient to single out the
Majorana strong zero modes. The only problem seems to
be sorting the energies and finding the matching pairs of
states |n〉 and |m〉 in different symmetry sectors but with
equal energies. However, numerical diagonalization can
be carried out for finite systems only when the energies of
states with opposite parities differ by a finite-size correc-
tions. Due to these corrections, one would have to find the
pairs of states such that the difference of their energies
vanishes in the thermodynamic limit, L→∞. Implemen-
tation of such numerical procedure is highly nontrivial,
especially that the typical distance between the consec-
utive energy levels decays exponentially with L for ar-
bitrary extensive Hamiltonian, i.e., independently of the
presence of the Majorana modes. In our approach the
problem of the finite size corrections to the energy levels
is resolved simply by allowing for finite τ in Eq. (2) in the
main text. The correct order of limits limτ→∞ limL→∞ λ
simply means that the strict degeneracy exists only in
the thermodynamic limit. Even if the problem of not per-
fectly degenerate states could be resolved by some other
method, then one needs to carry out an independent test
whether the Majorana mode, as given by Eq. (S3), is a
local operator with support at the edges of the system.
In our approach the largest eigenvalue λ obtained from
Eq. (4) in the main text allows to single out the Majorana
strong zero mode Γ =
∑
i αiγi. As demonstrated in Fig.
2 in the main text, the coefficients αi decay outside of
regions located at the edges of the chain, hence Γ is also
the edge mode. It is important to stress that αi and λ
are determined by a single eigenproblem. Consequently,
the presence and properties of strong zero modes in the
many-body Hamiltonian are fully specified by this eigen-
problem. We are not aware of any other numerical algo-
rithm, which allows to single out strong edge zero modes
in arbitrary Hamiltonian with many-body interactions.
ALMOST CONSERVED MAJORANA MODES
In this section we discuss the physical meaning of the
Majorana fermions for 0 < λ < 1. Using Eq. (3) in the
main text, one obtains
〈ΓΓ〉 = 1
Z
∑
n,m
|〈n|Γ|m〉|2 = 1, (S7)
〈Γ¯Γ¯〉 = 1
Z
∑
n,m:Em=En
|〈n|Γ|m〉|2 = λ. (S8)
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0.92 and 0.23. Note that each panel has a separate false color
scheme.
where Z =
∑
n 1 is the dimension of the Hilbert space.
For λ < 1, Γ remains a local operator (e.g., the edge
mode), since it is defined as a linear combination of the
local Majorana operators γi. However, it is not strictly
conserved any more. Using Eqs. (S7) and (S8) one finds
for λ < 1 that there are nonvanishing matrix elements
〈n|Γ|m〉 also for states with different energies Em 6= En.
Therefore, for λ < 1 the strong character of the Majorana
mode is lost. Then, it is instructive to decompose the
Majorana operator in the following way
Γ = Γ¯ + Γ¯⊥, (S9)
where Γ¯ is given by Eq. (S3). It represents the conserved
part (zero mode) of the Majorana operator, [Γ¯, H] = 0.
The remaining part
Γ¯⊥ =
∑
m,n:Em 6=En
〈n|Γ|m〉 |n〉〈m|. (S10)
is orthogonal to Γ¯, 〈Γ¯Γ¯⊥〉 = 0. Due to this orthogonality
it is easy to find the (squared) norms of all operators:
||Γ||2 = 〈ΓΓ〉 = 1, (S11)
||Γ¯||2 = 〈Γ¯Γ¯〉 = λ, (S12)
||Γ¯⊥||2 = 〈ΓΓ〉 − 〈Γ¯Γ¯〉 = 1− λ. (S13)
To conclude, our approach finds the Majorana fermions
with the largest λ. It singles out the Majorana strong
zero-mode if such mode exists (λ = 1). Otherwise (λ <
1), it finds the Majorana mode with the largest conserved
part, Γ¯.
Figure S1 shows the matrix elements of such Majo-
rana mode Γmn = 〈m|Γ|n〉 as a function of energies Em
and En. Fig. S1a shows results for L = 12, V = 0.5 and
W = V/2. For such parameters one obtains λ ' 0.98
for τ = 102 hence Γ is (almost) a strong Majorana
mode. In agreement with Eq. (S6), for each eigenstate
|n〉 there exists a single state |m〉 with opposite parity
such that |Γmn| ' 1 and Em ' En. The middle panel
shows results for the same system but with V = 1 when
λ ' 0.92 for τ = 102. Now, Γ is not a strong zero mode
any more. It contains a significant conserved part (zero
mode), Γ¯, represented by points along the diagonal and
much smaller not conserved part, Γ¯⊥, represented by the
off–diagonal elements. λ is the ratio of contributions com-
ing from the diagonal points [see Eq. (S8)] to the total
contribution coming from all the points [see Eq. (S7)].
Finally, for even stronger interaction, V = 2, we obtain
λ ' 0.23 at τ = 102 and the corresponding matrix ele-
ments are shown in Fig. S1c. The conserved part is di-
minished mostly in the middle of the spectrum, but it
still remains large at the bottom of the spectrum, what
is relevant for the low–temperature regime. The Hilbert-
Schmidt inner product 〈...〉 may be modified in such a
way that it becomes relevant for finite temperatures, e.g.
see Ref. [49]. We have numerically studied selected cases
also for kBT = 10 and found that the liftetime of the
MZMs is slightly larger than at T → ∞ (not shown).
Obviously, very low but nonzero temperatures are not
accessible due to huge finite–size effects.
3RESULTS FOR A SYSTEM WITH NEAREST
NEIGHBOR INTERACTION
Numerical results presented in the main text have been
obtained for repulsive interaction between the first (V )
and the second nearest neighbors (W ). Here, we discuss
the same quantities but for the commonly studied case
with W = 0 which, however, contains some peculiar fea-
tures.
We start with the difference of the ground state en-
ergies δE(L), obtained for systems with odd and even
number of fermions. Vanishing of δE in the thermody-
namic limit is necessary for the onset of soft Majorana
modes. δE(L) obtained for L = 8 is shown in Figs. S2a
and S2b for W = 0 and W = V/2, respectively. The
former figure accurately reproduces results presented in
Ref. [29]. Here one may identify two regions where δE(L)
is small: (1) small 2D area around V = 0, µ = 0 and (2)
a number of narrow stripes that extend from region (1)
to large–V and large–µ. While the internal structure of
region (2) is hardly visible for W = 0, it becomes very
clear for W = V/2, as shown in Fig. S2b. It is composed
of straight lines and their total number exactly equals
the size of the system, whereby L/2 lines are explicitly
visible in the figures, while remaining L/2 lines exist for
µ < 0. The physical origin of these lines is explained in
Figs. S2c and S2d where we show average particle num-
ber in the ground state, 〈N〉. We also mark the param-
eters for which δE(L) is small. One can see that lines
separate regimes where the ground state occupation is
close to consecutive integers 0, 1, . . . , L. In the adjoin-
ing regimes, these integers have opposite parity, hence
the borderline between these regimes corresponds to de-
generate ground states obtained in sectors with odd and
even particle numbers. However, such lines exist inde-
pendently of the pairing term, i.e., also in topologically
trivial phases, and are thus unrelated to the local Ma-
jorana modes. The presence of the latter lines explains
also why the finite–size scaling for δE(L) breaks down in
this regime. Since the number and positions of these lines
change with L, δE(L) may be non–monotonous functions
of L. The same problem shows up also in the finite–size
scaling of the spectral gaps ∆Eo(L) and ∆Ee(L).
Figures S3, S4 and S5 show respectively the same phase
diagrams as Figs. 3, 4 and 5 in the main text but for
W = 0. These phase diagrams are constructed from the
Majorana autocorrelation function λ. On the one hand,
these plots clearly show that the qualitative results dis-
cussed in the main text are generic, i.e., they are inde-
pendent of a specific choice of the many–body interac-
tion. The main message is that the long–living Majorana
modes exist not only in the ground state but within the
whole energy spectrum for moderate interactions, while
weak interaction may even expand the range of the chem-
ical potential where these modes exist (see Figs. S3c and
S3d). On the other hand, the phase diagrams for W = 0
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Figure S2. Results for L = 8, ∆ = 1 and W = 0 (a,c) or
W = V/2 (b,d). a) and b) Difference between the ground state
energies obtained for different parities of fermions, δE(L). c)
and d) Average occupation of fermions in the ground state.
Points mark parameters for which |δE(L)| < 0.02.
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Figure S3. The same as in Fig. 3 in the main text, but for
W = 0.
include rather complicated structure of lines where Ma-
jorana modes are particularly robust, see e.g., Figs. S4d
and S5a-S5c. However, such structures are not generic
because they don’t show up for W 6= 0.
DETAILS OF THE FINITE-SIZE SCALING
As argued in the main text, it is utterly important
for systems with hard–wall boundary conditions that the
thermodynamic limit L→∞ precedes the limit τ →∞.
It means that the correct finite–size (FS) scaling should
be carried out not for a single quantity but for the τ–
dependent Majorana autocorrelation function λ(τ). In
order to efficiently perform such scaling, we first fit λ(τ)
for a given system length L and then carry out the FS
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Figure S4. The same as in Fig. 4 in the main text, but for
W = 0. Point in b) marks exact boundary of the topological
phase from Ref. [36].
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Figure S5. The same as Fig. 5 in the main text but for W = 0.
scaling for the fitting parameters. It is convenient to start
from a standard time–dependent correlation function
〈Γ(t)Γ〉 = 1
Z
∑
m,n
exp[it(Em − En)]|〈n|Γ|m〉|2, (S14)
It differs from the τ–dependent autocorrelation functions
〈Γ¯Γ〉 which utilizes time–averaging introduced in Eq. (2)
in the main text. However, the relation between both
functions can be easily established
〈Γ¯Γ〉 = 1
Z
∑
m,n
θ
(
1
τ
− |Em − En|
)
|〈n|Γ|m〉|2
=
1
Z
∑
m,n
|〈n|Γ|m〉|2
∫ 1/τ
−1/τ
dω δ(ω + Em − En)
=
1
2pi
∫ 1/τ
−1/τ
dω
∫ ∞
−∞
dteiωt〈Γ(t)Γ〉. (S15)
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Figure S6. The Majorana autocorrelation function λ for
various times τ . Points show numerical results for L = 12,
∆ = 0.3, µ = 0 and W = V/2 while continuous lines show
best fits, given by Eq. (S18). The scattering times, τM and
τI , are shown in the table.
One immediately finds the limit
lim
τ→∞〈Γ¯Γ〉 =
1
Z
∑
m,n:Em=En
|〈n|Γ|m〉|2.
This limit is exactly equal to the steady–state part of
〈Γ(t)Γ〉 [see Eq. (S14)] which survives for arbitrarily
large t. For finite τ , 〈Γ¯Γ〉 represents the integrated low–
frequency part of the Fourier transform of 〈Γ(t)Γ〉, as fol-
lows from the last line in Eq. (S15). We use 〈Γ¯Γ〉 instead
of 〈Γ(t)Γ〉 because only the former function is monotonic.
It filters out the oscillations of 〈Γ(t)Γ〉 but retains es-
sential information about the asymptotic long–time be-
havior [50]. But most importantly, the efficiency of our
method follows from that the specific time–averaging,
Γ¯, is an orthogonal projection also for τ < ∞, i.e.,
〈Γ¯Γ〉 = 〈Γ¯Γ¯〉. The latter identity can be checked, by di-
rect calculations. Namely, using Eq. (3) from the main
text, one obtains
〈Γ¯Γ¯〉 = 1
Z
∑
m,n
[
θ
(
1
τ
− |Em − En|
)
〈n|Γ|m〉
θ
(
1
τ
− |En − Em|
)
〈m|Γ|n〉
]
. (S16)
Since both θ–functions have equal arguments and
θ2(x) = θ(x) one obtains a formula that is identical to
the first line in Eq. (S15).
In order to find the relevant fitting function for λ(τ), we
notice that generic many–body interactions are expected
to cause exponential decay of correlations functions. It
holds true also for perturbed integrable systems [49]. For
〈Γ(t)Γ〉 = exp(−t/τI) one obtains from Eq. (S15)
〈Γ¯Γ〉 = 2
pi
arc tg
(τI
τ
)
. (S17)
However, such form is too simple to account for finite
noninteracting systems, where the Majorana lifetime,
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Figure S7. Representative examples for the finite–size scaling
of scattering times, τI and τM for ∆ = 1, W = 0.
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Figure S9. The same as in Fig. S8 but for W = V/2.
τM , is limited by the overlap of Majorana modes at two
ends of the chain. Without interactions, the Majorana
autocorrelation function is a step function, as shown in
Fig. 1a in the main text. In order to accommodate this
mechanism we have modified Eq. (S17)
λfit(τ) =
C
pi
[
arc tg
(
τI
τ
− τI
τM
)
+ arc tg
(
τI
τ
+
τI
τM
)]
.
(S18)
The fitting function contains three parameters: C, τI
and τM . Here, 1/τM and 1/τI represent scattering rates
due to the overlap of two Majorana modes and due to
the many–body interactions, respectively. If the relax-
ation is dominated by the many–body interactions, then
limτM→∞ λfit(τ) =
2C
pi arc tg
(
τI
τ
)
. However, if the relax-
ation is due to overlap of two Majorana modes, then
limτI→∞ λfit(τ) = Cθ(τM − τ), in agreement with Fig.
1a in the main text. Figure S6 shows that λ(τ) may be
well fitted by Eq. (S18) also for intermediate cases, when
both scattering mechanisms are important.
In Fig. S7 we show a few representative examples for
the finite size scaling of the scattering rates 1/τI and
1/τM . One is mostly interested in the case when both
scattering rates vanish in the thermodynamic limit (see
Figs. S7a, S7d) and limτ→∞ limL→∞ λ(τ) = limL→∞ C.
Otherwise, limτ→∞ limL→∞ λ(τ) = 0 if one of the scat-
tering times remain finite. In noninteracting system, the
Majorana modes exist for |µ| < 2 what is correctly repro-
duced by our approach as shown in Figs. S7b and S7d.
After the FS scaling has been accomplished, one may
study (approximate) results for the Majorana autocorre-
lation function in the thermodynamic limit presented in
Figs. S8 and S9. These plots show λfit(τ) where all fit-
ting parameters are replaced by their extrapolated val-
ues. Such procedure unavoidably introduces errors. Con-
sequently the irregular shape of the regime with Majo-
rana modes most probably arises as a numerical arti-
facts. Nevertheless, it is rather evident that the infor-
mation stored in the Majorana autocorrelation functions
is at least partially retained for arbitrarily long times
also for rather strong interactions V . 2. However, if
the Majorana modes are strict integrals of motion then
limτ→∞ limL→∞ λ(τ) = 1. Numerical results shown in
Figs. S8 and S9 strongly suggest that in the presence of
many–body interactions, the latter limit is always smaller
than unity, even though it may be very close to this value.
As argued in the main text, this implies the presence of
quasilocal strictly conserved operators limτ→∞ Γ¯, which
have large projection on strictly local Majorana modes,
Γ.
The method has been demonstrated for a toy model
of spinless fermions with p–wave pairing. This model,
however, is a prototype on which all current 1D real-
izations of Majorana physics are based [6, 7]. In real sys-
tems, the Zeeman splitting is used to break the Kramers
degeneracy and create effectively spinless fermions. The
6Rashba spin–orbit coupling combined with s–wave pair-
ing induced by proximity to a conventional superconduc-
tor produces effective p–wave pairing. Then, in order to
enter the topological phase that guarantees the presence
of Majorana end modes, the parameters of the realistic
model (Zeeman splitting VZ , chemical potential µ and
superconducting gap magnitude ∆) have to satisfy ex-
actly the same relation as derived for the Kitaev chain:
VZ >
√
∆2 + µ2 [8]. Moreover, the proposed method can
be straightforwardly applied to models of the semicon-
ducting nanowires used in real experiments. The only
problem is that for spinful electrons the Hilbert space is
twice as large as in the Kitaev model, what would limit
the maximum length of the system. And since the life-
time of MZM increases with the system size, we preferred
our system to be as large as possible.
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